Collision operator of GYSELA

P. Donnel

Abstract

The collision operator used in GYSELA is described in this note. For more details please read the associated paper
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1. Presentation of the model
The linearized collisional operator describing the collisions of species a colliding on species b takes the form
Cab(Fa, Fy) = Coy(Fatoas Fros) + Cap(Fa, F),

where F)ro, represents the local unshifted Maxwellian with density n, and temperature T,
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A normalized speed has been used x, = ﬁ# ,with vp, = 37;—“ the thermal velocity.
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Cgb represents the exchange of energy between the unshifted Maxwellians
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Neglecting all finite Larmor radius effects, C, is composed of three terms
Cap(Fa, Fy) = Cyap(Fo) + Caap(Fa) + C) ap(Fa, Fy)

Cyap is an operator acting on the norm of the velocity. When written in the set of variables (v”, v J_), it reads as
follows:
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Finally the term C) ,, ensures momentum exchange between species and the conservation of the total parallel
momentum.
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The normalized distribution function has to be shifted to ensure that C, 4 and Cg 4 conserve momentum and
energy
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More specifically, Ujq,, ensures that C g5 and Cg qp conserve momentum.
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Then in order to take into account momentum exchange between species while keeping the total momentum
constant, a second velocity U, is chosen as
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A dimensionless parameter q,;, accounting for energy exchange between species is defined as
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The bracket corresponds to mean values in velocity space < ... >= [ dSUF%{I‘”‘... . Different frequencies appear in

the previous expressions. They are defined as follow :

e the Hirshman and Sigmar’s inter-species collision frequency
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e the velocity modulus diffusion rate
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e the deflection frequency
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the slowing-down frequency
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the energy-loss rate is defined as
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Where the ratio between the thermal velocities is introduced zp, = 2£2. We also define the following functions
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The function ® is the error function and G is the Chandrasekhar function.



2. Numerical implementation of the collision operator

2.1. Separation of the different collision terms

The collision operator is difficult to treat as a whole. It is much easier to split the different parts of the operator
and treat them separately with a time splitting scheme. The time splitting is the following:
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In the following, we describe the three

2.2. Evolution due to C’gb
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is equivalent to
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2.4. FEvolution due to Cy qp + Cg.ap
This is by far the most difficult part of the collision operator. We use the fact that
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where we have defined the normalized collision operator Cyp(F) =
a Maxwellian is in the kernel of C,, o + Cg qp-

The derivatives with respect to v are treated by projecting the distribution in this direction on an orthogonal basis
(Laguerre polynomials), then making evolve the projection coefficients and finally coming back on the distribution
function. The reason for this choice is the relatively low number of grid points in this direction (typically between 32
and 64). The first step is therefore to compute the projection of the normalized distribution function

. This approach is possible because
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where Laguerre polynomials are chosen. The associated scalar product is
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‘We then define
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It is possible to show that
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Up to now, no approximation was performed. But one still need to compute LE(Bb and Lz@a)b' A good proxy for these
quantities is:
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It can be shown that

where

which can be easily computed by recurrence.

2.5. Numerical scheme for evolution in time

An explicit scheme is used to compute the evolution of the distribution function due to Cgb and Cjgp- Eq.(5) is
solved with a Crank-Nicholson scheme for stability reasons. The resolution of the Crank-Nicholson is detailed here :
the problem can be written in a vectorized form
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where Ny, is the number of Laguerre polynomials that are kept, k is the index associated with the v} direction,
and the Ay, By, C}, are square blocks of size Np,. Their respective components are
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The Cranck Nicholson scheme is split in the following way
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where n stands for the time index and [ is the identity matrix. The scheme is split for stability reason. Indeed,
the tridiagonal by blocks inversion problem can be solved thanks to a LU decomposition valid only if the left hand
side matrix is diagonal dominant. This condition gives a limit on the time step for collision as the dominant off

diagonal term is proportionnal to AAJ?' Interestingly the splitting allows for a time step twice bigger than the one
Il

without splitting.

2.6. Numerical implementation of conservation properties

Due to numerical approximations, conservation properties are not perfectly satisfied. We present here a method
used to improve these conservation laws. It is used to correct only the C! part. Indeed the way C° is treated
automatically satisfies conservation properties. All fluid quantities without indices correspond to the initial values.
The ones noted with the prime correspond to values after the use of C''. Finally the quantities with two primes are
corrected values. The procedure is the following, in chronological order :

i)we correct the density by simply applying an homothety on the distribution function
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ii) the parallel velocity and the temperature are then corrected simultanously by removing the Maxwellian after
collisions Fj; and adding a new Maxwellian Fj; with the corrected moments defined as
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The corrected parallel velocity comes from the momentum evolution equation
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The temperature has to be kept constant 7”7 = T




2.7. Numerical parameters

In this appendix, we detail the choice of the main numerical parameters used for the collision operator. The first
step is the number of polynomials N, kept for the projection in the p direction. For this choice, the most stringent
test is to retrieve k., in the single species case. The minimal number of polynomials to have the expected poloidal
rotation is Np, = 3. Once the number of polynomials is set, one has to choose the discretization in the j direction.
A necessary condition for the projection to work properly is to ensure the orthogonality of the polynomials and so to

check the condition
‘ 0ij — / due™" P;(u) Pj(u)

One can show that the optimal choice for the number of points in the p direction is IV, = 64 and the optimal
value for the the upper limit in the p direction is pimaz =~ %. The number of points in the v) direction is less critical
in terms of numerical cost. 128 points reveal sufficient for the collision operator.

The last point is to choose the collisional time step At..;. Indeed in order to save computational ressource, the
collision operator can be used on a different time scale as the the rest of the code GYSELA. Of course, the collisional

time step Aty has to be proportional to (max (V;))_lwhere v} is the collisionality of the s species .
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3. Validation of the collision operator

To validate the collision operator, a first step is to perform conservation and relaxation tests by solving collisions
only, i.e. without the effects of trajectories
dfa
o = 2 Ca
b

In this section critical physical properties of the collision operator are tested : conservation properties, relaxation
toward the Maxwellian and its dynamics and the exchange rates of momentum and energy between species. All the
results shown here are obtained with a discretization of (Ny, N,,) = (128,48) which is the minimal discretization for
this operator.

3.1. Single species tests

Conservation laws are tested by initializing a shifted Maxwellian that belongs to the kernel of the operator and
should therefore remain constant in time. After approximately 25% collision time, the following conservation are
observed for an initial mach number M) = 0.1 :
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To investigate the dynamical relaxation to the Maxwellian, a case with T} # T and % < 1 is launched
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Integrating 0, f,, weighted by the energy, over the velocity space leads to :

din (Ty —=Ty) 16 [*
dt ~ 157

This integral can be computed either with the actual expressions of v, and v4 or their approximate values :

dre=" b (VU + ;)I/d>

amn(T)-T.)
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= —0.80v,, for actual expressions

= —0.78y,, for fitted values



The discrepancy is small, thus validating the relevance of the fitting used in the derivation of the collision operator.
The prediction for the actual expressions of v, and vy is used as a theoretical prediction and compared with GYSELA
results in figure 1. A mismatch of 7% percent is found. This discrepancy is acceptable as most of physics phenomena
studied with gyrokinetic codes are independent of the isotropisation rate.

Figure 1: Relaxation of the parallel and perpendicular temperatures
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3.2. Test with two species

The theoretical exchange rates of parallel momentum and energy between two Maxwellians are respectively

Ry mab = —namaVay (Vie — Vip)
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It is then easy to show that
dn (Vo = Vi)
dt
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These two relations have been checked using proton and deuterium for the two species. The result for the
simulation with different velocities is shown in fig.2. The result for the simulation with different temperatures is
shown in fig.3. The agreement is of the order of one percent in both cases.

Figure 2: Relaxation of the parallel velocities of the two species
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Figure 3: Relaxation of the temperatures of the two species
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